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ABSTRACT: Using a combination of the molecular dynamics simulations and theoretical calculations, we
have demonstrated that bending rigidity of biological polyelectrolytes (semiflexible charged polymers) is
scale-dependent. A bond-bond correlation function describing a chain’s orientational memory can be
approximated by a sumof two exponential functionsmanifesting the existence of the two characteristic length
scales.One describes the chain’s bending rigidity at the distances along the polymer backbone shorter than the
Debye screening length, whereas another controls the long-scale chain’s orientational correlations. The short-
length scale bending rigidity is proportional to the Debye screening length at high salt concentrations and
shows a weak logarithmic dependence on salt concentration when the Debye screening length exceeds
a crossover value of κcr

-1� (lBR2/lp)
-1/2 (where lB is the Bjerrum length,R is the fraction of ionized groups, and

lp is a bare persistence length). The long-scale chain’s bending rigidity has a well-known Odijk-Skolnick-
Fixman form with a quadratic dependence on the Debye radius. Simulation results and a theoretical model
demonstrate good qualitative agreement.

1. Introduction

Electrostatic interactions play an important role in controlling
properties of biological objects, such as DNA, F-actin, micro-
tubules and filamentous viruses.1-3 The change in the ionic
environment is known to influence the conformational properties
of DNA significantly. Condensation of multivalent ions triggers
an abrupt collapse of T4 phage DNA from coil-like conforma-
tions to compact structure inside the viral capsid.1The decrease
in the volume of the DNA molecule could be significant
and reaches the volume compression ratio of 6900 times.1

The force-elongation measurements,4 diffusion coefficient mea-
surements,5 and studies of the effect of confinement of the
λ-DNA6 show that with increasing solution ionic strength,
the chain stiffness decreases. The ability to manipulate mole-
cular properties, such as the chain’s bending energy, by con-
trolling its environment was utilized in DNA separation7 and
gene mapping8 and is at the heart of the future of nanotech-
nology.

The concept of the electrostatic persistence length of semiflex-
ible polyelectrolytes was introduced by Odijk9 and by Skolnick
and Fixman10 (OSF). They studied bending rigidity of a semi-
flexible polyelectrolyte chain with ionic groups interacting via the
screenedDebye-Huckel potential. This is a crudemodel ofDNA
in salt solutions where electrostatic interactions are exponentially
screened by salt ions on the length scales larger than the Debye
screening length, κ-1. However, despite the exponential decay of
the strength of the electrostatic interactions, the covalent bonding
of ionic groups into the polymer chains extends their range
beyond the Debye screening length, leading to strong orienta-
tional correlations between chain segments. A bond orientational
memory propagates far beyond the Debye screening length, κ-1,
inducing extra chain stiffening, which is proportional to the
square of theDebye radius. TheOSF theory has been challenged.
Different authors have shown that the electrostatic part of the

chain’s bending energy scales linearlywith theDebye radius. (For
a recent overview of the subject, see refs 11-14).

In this article, we present a new model of the electrostatic
induced rigidity of biological (semiflexible) polyelectrolytes by
extending the idea of a scale dependence of the chain’s persistence
length developed in refs 11, 15, and 16. We will show that the
electrostatic-induced stiffening of a semiflexible polyelectrolyte is
a multiscale process that can be approximated by two character-
istic length scales. One describes the decay of the bond-bond
orientational memory at the distances along the polymer back-
bone shorter than the Debye screening length, whereas another
controls long-scale orientational correlations. At high salt con-
centrations, when intrachain electrostatic interactions are signifi-
cantly screened, the short-length scale correlation length (bending
rigidity) is proportional to the Debye screening length, whereas
the long-scale correlation length is proportional to the square of
the Debye radius.9,10 However, when the Debye screening length
exceeds a crossover value, the short-length scale correlation
length has a weak logarithmic dependence on the Debye screen-
ing length. Note that a logarithmic dependence of the chain’s
orientational correlations is a characteristic feature of a semi-
flexible chain under tension generated by local electrostatic
interactions. A crossover shifts toward larger values of theDebye
screening lengths with increasing bare chain persistence length.

The rest of the article is organized as follows. In Section 2, we
present the results of the molecular dynamics simulations of
semiflexible polyelectrolyte chains. Section 3 discusses the results
of the high-temperature expansion and variational calculations.
At the end of the section, we compare derived scaling relations
with simulation results. Finally, Section 4 summarizes our results
and discusses the possibility of an experimental verification of our
findings.

2. Model and Simulation Results

To elucidate the factors controlling the electrostatic-induced
chain’s stiffening of biopolymers, we have performed molecular*Corresponding author. E-mail: avd@ims.uconn.edu.
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dynamics simulations17 of semiflexible polyelectrolyte chains. A
polyelectrolyte chain was modeled by a bead-spring chain of
charged particles with diameter σ and consisting of Nm=200
beads (monomers). The connectivity of the monomers into a
polymer chain was maintained by the finite extension nonlinear
elastic (FENE) potential

UFENEðrÞ ¼ -0:5kspringR
2
max ln 1-

r2

R2
max

 !
ð1Þ

where kspring is the spring constant set to be kspring = 30kBT/σ
2

and kspring=90kBT/σ
2 for the systemswith the larger value of the

electrostatic coupling constant (Ael=100; see discussion below),
the maximum bond length is Rmax=1.5σ, kB is the Boltzmann
constant, andT is the absolute temperature. The repulsive part of
the bond potential was modeled by the Lennard-Jones potential
with a value of the Lennard-Jones interaction parameter εLJ=
0.34kBT. The chain bending rigidity was introduced into the
model through a bending potential controlling the mutual
orientations between two neighboring along the polymer back-
bone unit bond vectors nBi and nBiþ1

Ubend
i, iþ1 ¼ kBTKð1-ðnBi 3 nBiþ1ÞÞ ð2Þ

In our simulations the value of the bending constant, K, was
varied between 25 and 160.Note that the chain persistence length,
lp, is proportional to the bending constant, lp=bK, where b is the
bond length.

Electrostatic interactions between charged monomers on the
polymer backbone separated by a distance rij were taken into
account on the level of the screened Coulomb potential

UCoulðrijÞ ¼ kBT
Aelσ

rij
expð-KrijÞ ð3Þ

where the parameter Ael=e2R2/εkBTσ describes the strength of
the electrostatic interactions between charged monomers carry-
ing an effective charge Re in a medium with the dielectric
constant, ε, in terms of the thermal energy, kBT. In our simula-
tions, we have assumed that a polyelectrolyte chain is uniformly
charged. The Debye screening length, κ

-1, depends on the
parameters of the system as κ2=8πlBcs, where lB= e2/εkBT is
the Bjerrum length and cs is the salt concentration.

The simulations were performed at a constant temperature,
which was maintained by coupling the system to the Langevin
thermostat.17 In this case, the motion of monomers is described
by the following equations

m
dvBiðtÞ
dt

¼ FBiðtÞ-ξvBiðtÞþFB
R

i ðtÞ ð4Þ

where m is the bead mass, vBi(t) is the bead velocity, and FBi(t)
denotes the net deterministic force acting on the ith bead. The
stochastic force FBi

R(t) has a zero average value ÆFBi
R(t)æ=0 and

δ-functional correlations ÆFBi
R(t)FBi

R(t0)æ=6kBTξδ(t - t0). The
friction coefficient, ξ, was set to ξ=m/τLJ, where τLJ is the
standardLJ-time τLJ=σ(m/kBT)

1/2. The velocityVerlet algorithm
with a time step ofΔt=0.01τLJ was used for the integration of the
equations of motion, eq 4. Simulations were performed using the
following procedure: at the beginning of each simulation run, a
polyelectrolyte chain in a self-avoiding walk configuration was
placed in the center of the simulation box. The system was pre-
equilibrated for 2 � 107 MD steps. This was followed by a
production run lasting 2 � 108 MD steps. Such long simulation
runswere required to obtain a good averaging of the bond-bond

correlation function at large separations along the polymer
backbone. Note that relatively short chains in our simulations
were selected to minimize the chain’s swelling effects on the
bond-bond orientational correlations.

The analysis of the effect of the Debye screening length, the
initial chain bending rigidity, K, and the strength of the
electrostatic interactions, Ael, on the effective chain bending
rigidity was done by monitoring the evolution of the bond-
bond correlation function, ÆnBi 3 nBjæ. Figure 1 shows the de-
pendence of the shape of the correlation function on the
Debye screening length for the system withK=80 and Ael=1.
To minimize the end effects in obtaining the average values of
the bond-bond correlation functions, we have considered
only 100 bonds in the middle of the chain during the aver-
aging procedure. Our simulations show that this correlation
function has two different functional forms. For small values
of the Debye screening length, κ-1 < 6σ, the bond-bond
correlations are well described by a single exponential
function

ÆðnBi 3 nBiþlÞæ ¼ expð-jlj=λÞ ð5Þ

However, above a threshold value of the Debye screening
length, κ-1 > 6σ, our simulation data can be fitted only by a
combination of two exponential functions

ÆðnBi 3 nBiþlÞæ ¼ ð1-βÞ exp -
jlj
λ1

� �
þβ exp -

jlj
λ2

� �
ð6aÞ

This form of the bond-bond correlation function indicates that
above a threshold value of the Debye screening length, there are
two different length scales that describe bending rigidity of a
polyelectrolyte chain. The values of the parameters λ and λ1 are
always large such that we can expand eq 6a in the power series of
l/λ1. This results in the following modification of 6a

ÆðnBi 3 nBiþlÞæ≈1-ð1-βÞ jlj
λ1

þβ exp -
jlj
λ2

� �
-1

 !
ð6bÞ

Figure 1. Bond-bond correlation functions of semiflexible polyelec-
trolyte chains with the degree of polymerization, Nm = 200, electro-
static coupling constant, Ael = 1.0, bending constant, K = 80.0, and
different values of the Debye screening length, κσ = 1/7 (long dashed
line), κσ = 0.1 (medium dashed line), κσ = 0.07 (short dashed line),
κσ = 0.05 (dotted line), κσ = 0.025 (dashed-dotted line), κσ = 0.01
(dashed-dotted-dotted line), and κσ = 0.005 (long-short dashed
line). The bond-bond correlation function of a neutral chain is shown
by a solid line.
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Note that the second term in the right-hand side (rhs) of this
equation has a form characteristic of a semiflexible chain under
tension.18 We can introduce an effective chain bending constant,
λe, and effective force, fe, by setting (λe/fe)

1/2=λ2 and (λefe)
1/2=β-1.

Therefore, the effective chain bending rigidity is equal to
λe=λ2/β, and the effective force is fe=1/λ2β.

In Figure 2, we have plotted the dependence of the chain’s
dimensionless bending rigidities λ, λ1, and λe on the Debye
screening length. As one can see from the plot, the value of the
chain’s bending constant, λe, increases as the value of the Debye
screening length decreases. However, the long-length scale bend-
ing rigidity, λ1, increases with increasing value of the Debye
radius (decreasing salt concentration). For the large values of the
Debye screening length far from a crossover point, a parameter
λ1 is a universal function of the Debye screening length and is
almost independent of the initial value of the chain’s bending
energy, K. It is impossible to say what exactly happens with
these two bending rigidities close to a crossover point because
the error in separating two length scales increases as the value
of the Debye radius decreases. Below we will develop a theo-
retical model, which describes this behavior of chain’s bending
rigidity.

3. Theoretical Model of Electrostatic Bending Rigidity

Consider a semiflexible chain with number of bonds, N, bond
length, b, and fraction of charged monomers, R. Chain confor-
mations are described by a set of the unit vectors nBi pointing
along the chain bonds. The potential energy of a semiflexible
polyelectrolyte chain with the bending energy, kBTK, in a given
conformation includes the bending energy and the electrostatic
energy contributions

UPEðfnBigÞ
kBT

¼ K

2

XN-2

i¼0

ðnBi -nBiþ1Þ2þ
lBR2

2

XN
i 6¼j

expð-KrijÞ
rij

ð7Þ

where rij is the distance between monomers i and j on the
polymer backbone. In evaluating the contribution of electro-
static interactions, we will assume that a radius vector
between monomers i and j along the polymer backbone does
not deviate much from a straight line within the range of
the exponential decay of the electrostatic potential. This

allows us to expand the distance between two monomers
as follows

rij ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xj-1

s¼i

nBs

0
@

1
A

2
vuuut ≈ blij 1-

1

4l2ij

X
s, s0

ðnBs -nBs0 Þ2
0
@

1
A

0
@

1
A ð8Þ

where lij=|j- i| is the number of bonds between the ith and jth
monomers along the polymer backbone. Using eq 8, we can
expand the electrostatic potential energy about a rodlike
conformation and obtain a correction to the electrostatic
energy of a rod

ΔUelecðfnBigÞ
kBT

≈ uR2

4

XN
i<j

expð-KblijÞ
l3ij

ð1þKblijÞ
Xj-1

s, s0 ¼i

ðnBs -nBs0 Þ2
0
@

1
A

ð9Þ

where u is the ratio of the Bjerrum length, lB, to the bond size,
b. Therefore, the energy of a semiflexible polyelectrolyte
chain in a given configuration depends only on the difference
between the bond vectors. The partition function of a semi-
flexible polyelectrolyte chain is

Z ¼
Z

dfnBig exp -
UPEðfnBigÞ

kBT

 !
ð10Þ

where integration in eq 10 is performed over all orientations
of the unit vectors nBi.

3.1. High-Temperature Expansion. Our simulations show
that the electrostatic interactions between monomers lead to
additional stiffening of a polyelectrolyte chain. Let us first
calculate a correction to the chain bending rigidity by using a
high-temperature expansion and evaluate the average value
of (nB0 - nBN-1)

2. For simplicity, we will assume that the
initial chain bending rigidity, K, is large such that K>N. In
this approximation, the electrostatic correction to the chain’s
energy in a given configuration is small, and we can expand
the exponential function in powers ofΔUelec({nBi})/kBT. This
results in

ÆðnB0 -nBN-1Þ2æ ¼ ÆðnB0 -nBN-1Þ2ð1-ΔUelecðfnBigÞ=kBTÞæ0
Æð1-ΔUelecðfnBigÞ=kBTÞæ0

ð11Þ
where brackets Ææ0 denote the averaging with the statistical
weight exp(-K

P
i=0
N-2(nBi - nBiþ1)

2/2). The calculations of
averages in eq 11 are straightforward if one introduces
a new set of 2D vectors, τBi = nBiþ1 - nBi, to describe a
chain conformation. It is interesting to point out that the
average Æ(nB0 - nBN-1)

2æ can be considered as a mean-square
average value of the “end-to-end” vector of the effective 2D
chain with conformations described by the bond vectors,
τBi. Because the vectors τBi and τBj are uncorrelated for
a neutral semiflexible chain, we obtain Æ(nB0 - nBN-1)

2æ0 =
2(N - 1)/K. Using correlation properties of the vectors
τBi and after some algebra, we can rewrite eq 11 in the
following form

ÆðnB0 -nBN-1Þ2æ≈
2N

K
-
2

3

N2

K2

uR2

Kb
-

N

2K2

uR2

ðKbÞ2
 !

1-
N

3K

uR2

Kb

 !-1

ð12Þ

Figure 2. Dependence of the bending rigidities λ, λe, and λ1 on the
Debye screening length for semiflexible polyelectrolyte chains with the
degree of polymerization, Nm = 200, electrostatic coupling constant,
Ael = 1.0, and with different bending constants, K= 25.0 (green solid
line with inverted triangles), K = 40.0 (long-dashed line with circles),
K=80.0 (red short dashed linewith squares),K=120.0 (blue dashed-
dotted line with rhombs), and K = 160.0 (gray dotted line with
hexagons). Arrows show intersection points between λ1 and λe.
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In simplifying the last equation, we have assumed thatN. 1
and κb, 1. If the electrostatic corrections are small, then one
can assume that the electrostatic interactions renormalize the
value of the bending constant such that Æ(nB0- nBN-1)

2æ≈ 2N/
λ, with λ=K þ ΔK. Solving eq 12 for the parameter λ, we
obtain

ΔK≈ uR2

4ðKbÞ2 and λ≈Kþ uR2

4ðKbÞ2 ð13Þ

Therefore, the high-temperature expansion leads to an OSF-
like correction to the chain’s bending energy.9,10 The advan-
tage of the presented above approach is that it does not use
any assumption about a trial chain conformation, as was
done in the original OSF calculations.9,10

3.2. Mode Analysis. To calculate the correlation function
between two bond vectors separated by l bonds along the
polymer backbone in the case of an arbitrary N and K, we
will introduce the normal coordinates for a set of the bond
vectors {nBi}

nBs ¼ aB0þ2
XN-1

k¼1

aBk cos
πks

N

� �
ð14Þ

In this representation, the mode dependent part of the chain’s
potential energy is a quadratic function of themode amplitudes

ΔUPEðfaBkgÞ
kBT

¼ N
XN-1

k¼1

K
kπ

N

� �2

þV
kπ

N

� � !
aB

2
k ð15Þ

where we defined

VðqÞ ¼ 2uR2
XN
m¼1

1-
m

N

� �
expð-KbmÞ

m3
ð1þKbmÞ

�Xm
s¼1

ðm-sÞð1-cosðqsÞÞ
� ð16Þ

We can perform summation over variable s in the rhs of eq 16
explicitly (m2 - (1 - cos(mq))/(1 - cos(q)))/2, however it is
useful to keep the summation over s in eq 16 because it
simplifies calculations of the integrals. (See discussion below
and Appendix A.) In normal mode representation, the
bond-bond correlation function G(l) describing the decay
of the orientational memory along the polymer backbone

GðlÞ ¼ 1

N-l

XN-l-1

s¼0

ÆðnBs 3 nBsþlÞæ ð17Þ

is equal to

GðlÞ ¼ ÆaB
2
0æþ2

XN-1

k¼1

ÆaB
2
kæ cos

kπl

N

� �
ð18Þ

Before proceeding further, let us point out that normal modes
are not independent. It follows from observation that a value
of the bond-bond correlation function,G(0), should be equal
to unity, which imposes a constraint on the mode spectrum

1 ¼ ÆaB
2
0æþ2

XN-1

k¼1

ÆaB
2
kæ ð19Þ

To account for this constraint, we will introduce a Lagrange
multiplier, μ, and modify the expression for the chain’s poten-
tial energy as follows

ΔUPEðfaBkg, μÞ
kBT

¼ N
XN-1

k¼1

K
kπ

N

� �2

þV
kπ

N

� �
þμ

 !
aB

2

kþ
NμaB

2
0

2

ð20Þ

The value of the parameter μ should be found self-con-
sistently from eq 19. Note that the mode analysis of a
semiflexible polyelectrolyte chain in a continuous limit
was also done by Barrat and Joanny.11 The main differ-
ence between the two approaches is the introduction of the
Lagrange multiplier to maintain normalization of the
bond vectors.

The chain’s potential energy is a quadratic function of the
mode amplitudes and thus the averaging over the modes
reduces to calculation of the Gaussian integrals. After some
algebra, we have

1 ¼ 2

π

Z ¥

0

dq

Kq2þVðqÞþμ
ð21Þ

In rewriting eq 19, we have introduced q = kπ/N and
substituted summation by integration. In the case of the
neutral chain, V(q)=0, the integral in the rhs of the eq 20 is
easily evaluated, resulting in μ=1/K. In the case of the weak
electrostatic interactions, we can expand the integrand in a
power series of V(q).

1≈ 2

π

Z ¥

0

dq

Kq2þμ
-

2

π

Z ¥

0

VðqÞ dq
ðKq2þμÞ2 ð22Þ

Equation 22 is a self-consistent equation for determining
the parameter, μ. Performing integration over q, we obtain

1 ¼ 1ffiffiffiffiffiffiffi
μK

p -
uR2ffiffiffiffiffiffiffiffiffi
μ3K

p gðμ,KÞ ð23Þ

where we introduced

gðμ,KÞ ¼
XN
m¼1

1-
m

N

� �
expð-KbmÞ

m3
ð1þKbmÞ

Xm
s¼1

ðm-sÞ 1- 1þ
ffiffiffiffi
μ

K

r
s

 !
exp -

ffiffiffiffi
μ

K

r
s

 !0
@

1
A ð24Þ

The summation in eq 24 can be performed analytically for
the large values of the parameter Kκb . 1. In this case, the
exponential function exp(-s(μ/K)1/2) can be approximated
by its power series. In the framework of this approximation,
the function g(μ,K) ≈ μ/(8K(κb)2). Assuming that electro-
static interactions are weak (high-temperature expansion)
and result in a small correction to the parameter μ in
comparison with the case of a neutral chain such that it
can be approximated by μ-1 = K þ ΔK, we can solve eq 23
for ΔK to obtain

ΔK≈ uR2

4ðKbÞ2 and μ≈ Kþ uR2

4ðKbÞ2
 !-1

ð25Þ
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Knowing the value of the parameter μ, we can calculate a
bond-bond correlation function

GðlÞ ¼ 2

π

Z ¥

0

cosðqlÞ dq
Kq2þVðqÞþμ

≈ 2

π

Z ¥

0

cosðqlÞ dq
Kq2þμ

-
2

π

Z ¥

0

VðqÞ cosðqlÞ dq
ðKq2þμÞ2

ð26Þ

The exact expression for the bond-bond correlation func-
tion is complicated, but it has a relatively simple form for the
length scales smaller than the chain persistence length bK, l/
K , 1. In this approximation, the bond-bond correlation
function is equal to

GðlÞ≈1-
l

K
þ uR2

3K2

XN
m¼1

1-
m

N

� �
expð-KbmÞ

m3

ð1þKbmÞ
Xm
s¼1

ðm-sÞ
l2ð3s-lÞ, les

s2ð3l-sÞ, sel

8<
:

ð27Þ

The analysis of eq 27 shows that there are two different
asymptotic regimes in the dependence of the bond-bond
correlation function on the distance, l, along the polymer
backbone. At the distances along the polymer backbone
smaller than the reduced Debye screening length, lκb < 1,
the electrostatic correction shows quadratic dependence on
the distance between monomers, l, such that

GðlÞ≈1-
l

K
þ uR2l2

3K2Kb
≈1-

l

Kþ uR2l
3Kb

for lKb < 1 ð28aÞ

However, at the distances larger than the reduced Debye
screening length, the leading term in the expansion is linear in l

GðlÞ≈1-
l

K
þ uR2l

4K2ðKbÞ2 ≈1-
l

Kþ uR2

4ðKbÞ2
for

lKb > 1 ð28bÞ
Therefore, the effective chain persistence length is scale-depen-
dent.At short distances, the electrostatic correction to the chain
bending rigidity scales linearly with the value of the Debye
screening length, whereas at large distances along the polymer
backbone, it shows the OSF-like quadratic dependence.9,10

One can write down a simple crossover expression for the
scale-dependent chain’s bending rigidity,K(l), which will cover
both asymptotic regimes

KðlÞ≈Kþ uR2l

Kbð3þ4KblÞ ð29Þ

It is interesting to point out that the scale dependence of the
chain bending rigidity could lead to a weaker than quadratic
dependence of the chain persistence length on the Debye
screening length. Another point worth making here is that
the electrostatic corrections to the chain bending energy for l=
1reproduce the result obtained in refs 19and20usingaGibbs-
Bogoulubov variational principle. This indicates that a varia-
tional principle based on the renormalization of the chain’s
bendingconstant cancorrectlydescribe thechain’spropertiesonly
at distances smaller than the Debye screening length and fails to
account for the additional chain stiffening at the larger distances.
However, the OSF calculations9,10 neglect high-frequency

chain deformation modes, which control the chain bending
rigidity at distances shorter than the Debye screening length.

To verify the validity of our approach in Figure 3, we show
the results of numerical integration of the eq 26 with the
value of the parameters μ determined from eq 21. The
numerically calculated bond-bond correlation functions
show behavior similar to those observed in our simulations.
The agreement between simulation results and numerical
calculations is good. The difference between the two does
not exceed 5%. In Figure 4, we used our numerically
calculated bond-bond correlation function to obtain de-
pendence of the parameters λ, λ1, and λe on the Debye
screening length. Whereas there is obvious qualitative simi-
larity between the Figures 2 and 4, the numerically evaluated
effective bending rigidities are always lower than those
obtained from simulations. Therefore, expression eq 26
underestimates the effect of the electrostatic interactions
on renormalization of the chain’s bending rigidities. Also,
the agreement between numerically evaluated parameters

Figure 4. Dependence of the bending rigidities λ, λe, and λ1 on the
Debye screening length obtained from numerically calculated bond-
bond correlation functions for semiflexible polyelectrolyte chains with
the degree of polymerization,Nm=200, electrostatic coupling constant,
Ael=1.0, and with different bending constants, K=25.0 (green solid
line), K=40.0 (long dashed line), K=80.0 (red short dashed line), K=
120.0 (blue dashed-dotted line), and K=160.0 (gray dotted line).
Arrows show intersection points between λ1 and λe.

Figure 3. Theoretically calculated bond-bond correlation functions of
semiflexible polyelectrolyte chains with the degree of polymerization,
Nm=200, electrostatic coupling constant, Ael=1.0, bending constant,
K=80.0, and different values of theDebye screening length. The bond-
bond correlation function of a neutral chain is shown by a solid line.
Notations are the same as in Figure 1.
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and simulation results worsens as the initial chain’s bending
rigidity decreases.

3.3. Variational Approach. To understand the reason
behind the change of the form of the bond-bond correlation
function, we will evaluate the integral in eq 21 by using a trial
function approach. The form of the trial function can be
established by analyzing the dependence of the functionV(q)
on the wavenumber, q. In the limit qκb , 1, this function is
quadratic on q, V(q) � q2, whereas in the opposite limit,
qκb. 1, it approaches a constant, V(q) � ln(κb). Therefore,
we can approximate function V(q) by a trial function in the
following form

VtrðqÞ ¼ Aq2

δ2þq2
ð30Þ

where parameters A and δ should be found self-consistently
from the following equation

1 ¼ 2

π

Z ¥

0

dq

G-1ðqÞ -
2

π

Z ¥

0

ðVðqÞ-VtrðqÞÞ dq
½G-1ðqÞ�2 ð31Þ

where we introduced the bond-bond correlation function in
q representation

G-1ðqÞ ¼ Kq2þ Aq2

δ2þq2
þμ ð32Þ

Note that our trial correlation function, eq 32, is different
from that used in refs 15 and 16, where it was assumed that
δ = κb. Because function G-1(q) represents a bond-bond
correlation function, the first integral in the rhs of eq 31
should be equal to unity to satisfy the normalization condi-
tion for the norm of the unit vector. Therefore, eq 31
represents two independent conditions

1 ¼ 2

π

Z ¥

0

dq

G-1ðqÞ and
2

π

Z ¥

0

ðVðqÞ-VtrðqÞÞ dq
½G-1ðqÞ�2 ¼ 0

ð33Þ
where the first equation determines μ as a function of the
parametersK,A, and δ, whereas the second one provides the
relation betweenA and δ and system parametersK, uR2, and
κb. Note, that the values of the parametersA and δ satisfying
eqs 33 minimize the difference between functions V(q) and
Vtr(q). In this respect, one can consider eqs 33 to be an
analogue of the Edwards-Singh variational principle for the
function V(q).

To evaluate the integrals in eqs 33, it is useful to rewrite
function G(q) in the following form

GðqÞ ¼ 1

Kðz22 -z21Þ
δ2 -z21
q2þz21

þ z22 -δ2

q2þz22

" #
ð34Þ

where z1 and z2 are roots of the equation

z4 -ðδ2þμ=KþA=KÞz2þμδ2=K ¼ 0 ð35Þ
Note that the product of the roots is z1

2z2
2 = μδ2/K.

Analyses of the solutions of eq 35 shows that the roots of
the eq 35 can be approximated by

z21 ¼ μ

K� , z22 ¼ δ2K�
K

, K�≈KþAþμ

δ2
ð36Þ

Substitution of the functionG(q), given by eq 34, into the first
integral of eq 33 leads to

1 ¼ δ
ffiffiffiffi
K

p þ ffiffiffi
μ

p
Kðz1þz2Þ ffiffiffi

μ
p ≈ δ

z2
ffiffiffiffiffiffiffi
Kμ

p wμ≈ðK�Þ-1 ð37Þ

The evaluation of the integrals in the second condition, eq 33,
requires some persistence. The calculation details and nu-
merical solution of eq 33 are given in Appendix A; here we
will provide a qualitative analysis of these equations

K� uR2

8ðKbÞ2 -
A

2δ2

 !
þΔK

δ3

�
uR2ðΔK -4KÞ
2K�3=2K1=2

lnððKbÞ-1Þ

þ 4uR2

3Kb
δ

K� -
A

2
ffiffiffiffiffiffiffiffiffiffi
K�Kp

�
¼ 0

ð38Þ
whereΔK=K*-K. To satisfy the last equation, both terms
in the brackets should simultaneously be equal to zero. This
results in

uR2

4ðKbÞ2 ¼ A

δ2
ð39Þ

Therefore, a parameter δ is a solution of the following
quadratic equation

uR2ðΔK -4KÞ
2K� lnððKbÞ-1Þþ 4uR2

3Kb

ffiffiffiffiffiffi
K

K�
r

δ-
ΔK

2
δ2 ¼ 0

ð40Þ
The solution of eq 40 has a simple form in two limiting cases.
We will first consider the case, K*-K≈ K. In this approxima-
tion, we have to balance the first and the last terms in eq 40

δ2
ffiffiffiffiffiffi
K�
K

r
≈-uR2 1ffiffiffiffiffiffiffiffiffiffi

K�Kp lnðKbÞwδ2≈-
uR2

K� lnðKbÞ ð41Þ

This leads to the following expression for the roots of the
equation

z1 ¼ 1=K� and z2 ¼ δ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
K�=K

p
≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
-
uR2

K
lnðKbÞ

r
ð42Þ

It also shows thatK� ≈ K þ uR2

4ðKbÞ2.
In the other limit, K*- K ≈ K, the second and the third

terms in eq 40 determine the value of the parameter δ

δ ≈ 8

3

uR2

KbΔK

ffiffiffiffiffiffi
K

K�
r

�Kb ð43Þ

In this asymptotic regime, a value of the parameter δ is
proportional to the inverse Debye screening length, κb. This
is similar to the result obtained in refs 15 and 16. A crossover
between two regimes takes place at a value of the Debye
screening length

ðKbÞcr�
uR2

K

 !1=2

ð44Þ

The results of the numerical solution of the eqs 33 are given
in Appendix A.
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The bond-bond correlation function corresponding to
the trial function G(q), given by eq 32, is equal to

GðlÞ ¼ ð1-βÞ expð-z1jljÞþβ expð-z2jljÞ ð45Þ

where parameter β is defined as

β ¼ z22 -δ2

Kðz22 -z21Þz2
≈ ΔK

δK�3=2K1=2
ð46Þ

The correlation function, eq 45, has a form similar to the one
observed in our simulations if one substitutes λ1=1/z1 and
λ2=1/z2. Our analysis of the bond-bond correlation func-
tion showed that the value of the parameter λ1 ≈ K* ≈ K þ
uR2/4(κb)2 coincides with the OSF expression for the chain’s
bending rigidity in the presence of the electrostatic interac-
tions. The new feature in comparison with the OSF result is
the existence of the second length scale characterized by
parameter λ2. It is worth pointing out that at low salt
concentrations (large values of the Debye radius), the de-
pendence of λ2

-1= z2 ≈ (-uR2 ln(κb)/K)1/2 on the system
parameters coincides with that of a semiflexible chain with
the bending rigidity,K, under tension with the external force
fb/kBT=-uR2 ln(κb). Therefore, at short distances, electro-
static interactions lead to local chain deformation, which is
manifested in the initial fast decay of the correlation func-
tion, G(l). However, for small values of the Debye screening
lengths, the contribution of the second exponential function
is negligible at the distances along the polymer backbone
larger than the Debye screening length, λ2 � (κb)-1. (See
Appendix A.) One can associate this exponential term with
the high frequency modes that control the chain’s bending
rigidity at short-length scales. It is important to point out
that our variational principle shows the existence of two
length scales in the bond-bond correlation function
throughout the entire salt concentration range. However, it
is difficult to identify the second exponential function at high
salt concentrations (small values of the Debye screening
length) in simulations because of the small value of the
parameter β. (See Figures 2 and 4.)

In Figure 5, we tested a scaling dependence of the para-
meter ΔK � uR2/(κb)2 = Aelσ

3/((κσ)2b3) on the reduced
value of the Debye screening length, Ael

1/2(κσ)-1. Indeed,
the simulation data follow the expected scaling dependence.
The solid line in Figure 5 has a slope of 2. The deviation of
the simulation data from the power law occurs when the
value of the Debye screening length becomes comparable to
the chain’s contour length, Nb. This is a manifestation of
the finite chain length effect. Note that in our simulations,
the average bond length changes with increasing strength of
the electrostatic interactions. (See Appendix B.) To account
for this effect, the effective value of the bond length, b, was
evaluated for each value of the Debye screening length.
To compare our simulations with the experimental data,
we have also added the data points for salt dependence of
the DNA persistence length.5 Further confirmation of
the validity of our explanation of the shape change of the
bond-bond correlation function comes from Figure 6.
In this Figure, we plotted the dependence of the reduced
value of the amplitude of the second exponential function,
β(AelKσ/b)

1/2, on the effective reduced temperature, (Aelσ/
Kb(κb)2)1/2. Note that the value of the amplitude, β, ap-
proaches zero for the values of the Debye screening length
below a crossover value. (See eq 44.) This choice of the
reduced parameters allowed us to collapse all of our simula-
tion data into one master curve.

4. Conclusions

Molecular dynamics simulations and theoretical calculations
have shown that the electrostatic-induced stiffening of biological
(semiflexible) polyelectrolytes is a multiscale process. A bond-
bond correlation function of a polyelectrolyte chain can be
approximated by a sum of two exponential functions, indicating
the existence of two characteristic length scales (long-length scale
and short-length scale correlation lengths) that control the
chain’s orientational memory. The long-length scale correlation
length determines a decay of the orientational memory between
bonds separated by distances along the polymer backbone larger
than the Debye screening length. On this length scale, the chain’s
effective bending rigidity is a quadratic function of the Debye

Figure 5. Dependence of the parameter ΔKb3/σ3 on the parameter
Ael

1/2(κσ)-1 for semiflexible polyelectrolyte chains with the degree
of polymerization, Nm=200, bending constants, K=40.0 (circles),
K=80.0 (squares), K=120.0 (rhombs), and K=160.0 (hexagons), with
electrostatic coupling constants, Ael=0.25 (open symbols with dot),
Ael=0.5 (open symbols with cross), Ael=1.0 (filled symbols), Ael = 2.0
(checkered symbols), Ael=9.0 (open symbols), Ael=25.0 (top filled
symbols), andAel=100.0 (left filled symbols). The solid line is the best fit
given by the equationΔKb3/σ3=0.264Ael(κσ)

-1. The experimental data
for DNA from Hagerman5 are shown as open triangles for 587 bp and
filled triangles for 434 bp.We obtained the value of the parameterAel=
0.093 for the experimental data by assuming the distance between
effective charges b=0.17 nm (an effective projection length between
charges), degree of ionizationR=0.15, and value of the Bjerrum length
lB = 0.7 nm.

Figure 6. Dependence of the parameter β(AelKσ/b)
1/2 on the parameter

(Aelσ/Kb(κb)
2)1/2 for semiflexible polyelectrolyte chains with the degree

of polymerization,Nm=200, with bending constants,K=40.0 (circles),
K=80.0 (squares),K=120.0 (rhombs), andK=160.0 (hexagons), with
electrostatic coupling constants, Ael=1.0 (filled symbols), Ael=2.0
(checkered symbols), Ael=9.0 (open symbols), Ael=25.0 (top filled
symbols), and Ael=100.0 (left filled symbols).
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screening length. The short-length scale correlation length scales
linearly with the Debye screening length at high salt concentra-
tions. However, at low salt concentrations, κb < ((uR2)/K)1/2,
electrostatic interactions between charged monomers lead to
weak (logarithmic) renormalization of the chain’s bending con-
stant. In this concentration range, local chain bending properties
are similar to those of a semiflexible chain under electrostatic
tension. Let us estimate the typical salt concentrations at which
such a crossover may occur, (κb)cr � ((uR2)/K)1/2. Below, we will
assume that the fraction R of charged monomers on the polymer
backbone is set at the Manning-Oosawa counterion condensa-
tion valueR≈ b/lB.

11,12,21 This condition determines a low bound
on the distance between ionized groups along the polymer back-
bone. Taking this into account, we can rewrite a crossover
condition in terms of the chain’s persistence length and solution
Bjerrum length, (κ-1)cr ≈ 1/(lplB)

1/2. For a DNA molecule in
water at room temperature with the value of the Bjerrum length,
lB=7 Å, and persistence length, lp ≈ 50 nm, a crossover takes
place at ionic strengths on the order of I≈ 2.5� 10-3M,which is
below a biologically relevant range of the ionic strengths, I≈ 0.1
to 0.01 M. However, it is possible to observe this crossover in
solutions of synthetic polyelectrolytes or single stranded DNA,
for which typical values of the persistence length are about
50 times shorter, lp ≈ 10 A. In this case, a crossover value of
the ionic strength is about I ≈ 10-1 M. For lower solution ionic
strengths (or larger Debye screening lengths), we predict that a
short-length scale bond-bond correlation function has a form
characteristic of a semiflexible chain under tension. The experi-
mental verification of our results could be done by measuring a
force-extension curve of a polyelectrolyte chain that probes the
effect of the electrostatic interactions on the chain’s elasticity on
different length scales. We hope that this article will inspire
experimental studies to test our model.

It is important to point out that the total effect of the electro-
static interactions on the chain’s conformations is reduced to the
local chain stiffening,which ismanifested in the renormalizationof
the chain’s persistence length and to the additional chain swelling,
which is due to interactions between remote along the polymer
backbone charges. Until now, we have assumed that the electro-
static interactions only influence the local chain’s properties, such
as its bending rigidity. This is usually true for relatively short chains
or high salt concentrations when the contribution of the electro-
static interactions between remote along the polymer backbone
charged pairs is small. These interactions become important at salt
concentrations or chain degree of polymerizations for which the
value of the Fixman interaction parameter (BelN

1/2)/(b3λ1
3/2)

(where Bel is the electrostatic second virial coefficient), is larger
than unity.22 The detailed analysis of the swelling effects on the
chain’s properties is presented in our recent article.23

Another point worth making here is that a two-scale form of
the bond-bond correlation function should also be expected for
flexible polyelectrolytes. Indeed, it has already been observed in
simulations of flexible polyelectrolytes.24-26 It would be nice if
the authors reanalyze their simulation data byusing ourmodel.A
study in this direction could highlight common features in the
behavior of flexible and semiflexible polyelectrolytes.
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Appendix A

In this Appendix, we will present the calculation details of the
evaluation of the integrals in eq 33 and present numerical
solutions for the variational parameters. We begin with the

calculation of the second integral in eq 33 to obtain a self-
consistent equation coupling the variational parameters μ, A,
and δ with the system parameters

2

π

Z ¥

0

ðVðqÞ-VtrðqÞÞ dq
½G-1ðqÞ�2 ¼ 0 ðA1Þ

where

VðqÞ ¼ 2uR2
XN
m¼1

1-
m

N

� �
expð-KbmÞ

m3
ð1þKbmÞ

Xm
s¼1

ðm-sÞð1-cosðqsÞÞ
 ! ðA2Þ

VtrðqÞ ¼ Aq2

δ2þq2
ðA3Þ

and

GðqÞ ¼ 1

Kðz22 -z21Þ
δ2 -z21
q2þz21

þ z22 -δ2

q2þz22

" #
ðA4Þ

The integration in eq A1 can be performed analytically resulting
in

0 ¼ 1

K2ðz22 -z21Þ2
½ðδ2 -z21Þ2I1ðz1Þþðδ2 -z22Þ2I1ðz2Þ

þðδ2 -z21Þðz22 -δ2ÞI2ðz1, z2Þ-ðδ2 -z21Þ2g3ðz1Þ
-ðδ2 -z22Þ2g3ðz2Þ-ðδ2 -z21Þðz22 -δ2Þg4ðz1, z2Þ
-ðδ2 -z21Þ2g5ðz1Þ-ðδ2 -z22Þ2g5ðz2Þ

-ðδ2 -z21Þðz22 -δ2Þg6ðz1, z2, δÞ�
ðA5Þ

where we introduced

I1ðzÞ ¼ 2uR2
XN
m¼1

TðmÞ
Xm
s¼1

ðm-sÞg1ðs, zÞ ðA6Þ

I2ðz1, z2Þ ¼ 2uR2
XN
m¼1

TðmÞ
Xm
s¼1

ðm-sÞg2ðs, z1, z2Þ ðA7Þ

TðmÞ ¼ 1-
m

N

� �
expð-KbmÞ

m3
ð1þKbmÞ ðA8Þ

g1ðs, zÞ ¼ 2

π

Z ¥

0

ð1-cosðqsÞÞ
ðq2þz2Þ2 dq ¼ 1

2z3
ð1-ð1þszÞ expð-szÞÞ

ðA9Þ

g2ðs, z1, z2Þ ¼ 4

π

Z ¥

0

ð1-cosðqsÞÞ
ðq2þz21Þðq2þz22Þ

dq

¼ 2

ðz22 -z21Þ
1-expð-sz1Þ

z1
-
1-expð-sz2Þ

z2

� � ðA10Þ
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g3ðzÞ ¼ 2A

π

Z ¥

0

dq

ðq2þz2Þ2 ¼ A

2z3
ðA11Þ

g4ðz1, z2Þ ¼ 4A

π

Z ¥

0

dq

ðq2þz21Þðq2þz22Þ
¼ 2A

ðz2þz1Þz1z2 ðA12Þ

g5ðz, δÞ ¼ -Aδ2
2

π

Z ¥

0

dq

ðq2þz2Þ2ðq2þδ2Þ

¼ -Aδ
ðδþ2zÞ

2z3ðδþzÞ2 ðA13Þ

g6ðz1, z2, δÞ ¼ -Aδ2
4

π

Z ¥

0

dq

ðq2þz21Þðq2þz22Þðq2þδ2Þ
¼ -2Aδ

ðδþz1þz2Þ
z1z2ðz1þz2Þðz1þδÞðz2þδÞ

ðA14Þ

Using expressions for the functions eqs A6-A14, we can write eq
A5 as follows

0 ¼ 1

K2ðz22 -z21Þ2
"

ðδ2 -z21Þ2I1ðz1Þ-
A

2

ðδ-z1Þ2
z1

 !

þðz22 -δ2Þ2I1ðz2Þþðδ2 -z21Þðz22 -δ2ÞI2ðz1, z2Þ

-
A

2

ðz2 -δÞ2
z2

þ4
ðδ-z1Þðz2 -δÞ

z1þz2

 !# ðA15Þ

It is useful to introduce a new variable K* such that

z21 ¼ μ

K� , z22 ¼ δ2K�
K

,
A

δ2
¼ ðK�-KÞ 1-

μ

K�δ2
� �

ðA16Þ

Using this new variable, we can transform eq A16 as follows

f1ðK�, μ, δÞ ¼ z1I1ðz1Þ- ðK�-KÞ
2

ð1-yÞ
ð1þyÞ

� �
¼ 0

f2ðK�, μ, δÞ ¼
"
ðK�-KÞ
Kð1-y2Þ z

2
2I1ðz2Þþz22I2ðz1, z2Þ

-
K�δ
2

ðx-1Þ2
x

þ4
ð1-yÞðx-1Þ

xþy

 !#
¼ 0 ðA17Þ

where we introduced reduced variables

x ¼
ffiffiffiffiffiffi
K�
K

r
¼ z2

δ
and y ¼ 1

δ

ffiffiffiffiffiffi
μ

K�
r

¼ z1

δ
ðA18Þ

Equation A17 has to be supplemented by a normalization
condition, eq 37

f3ðK�, μ, δÞ ¼ 1-
1þxy

ðxþyÞ ffiffiffiffiffiffiffi
Kμ

p ¼ 0 ðA19Þ

The optimal values of the parameters K*, μ, and δ can be found
by minimizing a function

χðK�, μ, δÞ ¼ f 21 ðK�, μ, δÞþf 22 ðK�, μ, δÞþf 23 ðK�, μ, δÞ ðA20Þ

Figure 7 shows the comparison between the bending rigidities
obtained from the numerically calculated correlation functions,
eq 26 (Figure 4), and those calculated from the variational
approach by minimizing a χ function, eq A20. The agreement
between the values of the bending rigidities is very good.The plots
for the optimal value of the parameter δ are shown in Figure 8.
The agreement between the direct integration results and the
variational calculations is not as good as that for the bending
rigidities. The difference between values of the parameter δ
obtained by two methods increases with decreasing value of the
Debye screening length. This supports our observation that it
becomes more difficult to separate the two length scales at small
values of the Debye radius.

Appendix B

In this appendix, we will describe a bond deformation with
increasing strength of the electrostatic interactions. The free
energy of the system with deformable bonds is

Fðb, μÞ
kBT

≈NUbondðbÞ

þuR2
XN
m¼2

ðN-mÞ expð-mKbÞ
m

þ
XN-1

q¼0

ln K
qπ

N

� �2

þV
qπ

N

� �
þμ

 !
-
μN

2

ðB1Þ

where the first termdescribes the bond energywith a bond length, b

UbondðbÞ ¼ -
kspringR

2
max

2kBT
ln 1-

b2

R2
max

 !

þ 4εLJ
kBT

σ

b

� �12

-
σ

b

� �6
 !

þ εLJ
kBT

ðB2Þ

The functional form of this interaction potential corresponds
to that used in our simulations. The second term in the rhs of

Figure 7. Dependence of the bending rigidities λ, λe, and λ1 on the
Debye screening length obtained from numerically calculated bond-
bond correlation functions (symbols) and from variational principle by
solving system of eqs A17 and A19 (lines) for semiflexible polyelec-
trolyte chains with the degree of polymerization, Nm = 200, electro-
static coupling constant, Ael = 1.0, and with different bending
constants, K = 25.0 (green solid line and triangles), K = 40.0 (black
long-dashed line and circles), K = 80.0 (red short-dashed line and
squares), K = 120.0 (blue dashed-dotted line and rhombs), and K =
160.0 (gray dotted line and hexagons).
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eq B1 describes the electrostatic interactions of a chain in the
rodlike conformation with a bond length, b. (The summation in
this expression starts with m= 2 because in our simulations, we
have neglected 1-2 electrostatic interactions.) The logarithmic
term in eq B1 accounts for orientational fluctuations of the bond
vectors with respect to a rodlike conformation. Note that in
writing eq B1, we have neglected terms that do not depend on the
bond length, b, or the Lagrange multiplier, μ. The optimal values
of the parameters b and μ are obtained by minimizing the free
energy (eq B1). The optimization of the free energy, eq B1, with
respect to the Lagrange multiplier, μ, reproduces eq 21

1 ¼ 2

π

Z ¥

0

dq

Kq2þVðqÞþμ
ðB3Þ

and optimization with respect to the bond length, b, results in

U 0ðbÞþE
0
rodðbÞ
N

þ 1

π

Z ¥

0

V 0ðqÞ dq
ðKq2þVðqÞþμÞ ¼ 0 ðB4Þ

where f0(b) denotes the derivative of a function f(b) with respect to
the bond length, b, andwe introducedErod(b) for the electrostatic
energy of a chain in a rodlike conformation (the second term in
the rhs of eq B1). The results of the minimization procedure are
summarized in Figure 9. The agreement between the simulation
results and the numerical calculations improves with increasing
strength of the electrostatic interactions.
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Figure 9. Equilibrium bond length, b, as a function of the Debye
screening length for semiflexible polyelectrolyte chains with the degree
of polymerization,Nm=200, andwith electrostatic coupling constants,
Ael = 1.0 (filled symbols), Ael = 9.0 (open symbols), Ael = 25.0 (top
filled symbols), and Ael = 100.0 (left filled symbols). Lines show
equilibrium values of the bond length, b, obtained by solving eq B4 of
Appendix B for different values of the electrostatic coupling constants
Ael = 1.0 (short dashed line), Ael = 9.0 (medium dashed line), Ael =
25.0 (long dashed line), and Ael = 100.0 (solid line). The value of the
spring constant was set to kspring = 90kBT/σ

2 for Ael = 100.0.

Figure 8. Dependence of the parameter δ on the Debye screening
length obtained from numerically calculated bond-bond correlation
functions (symbols) and from variational principle by solving system of
eqs A17 and A19 (lines) of Appendix A for semiflexible polyelectrolyte
chains with the degree of polymerization, Nm = 200, electrostatic
coupling constant, Ael = 1.0, and with different bending constants,
K=25.0 (green solid line and triangles),K=40.0 (black long-dashed line
and circles),K=80.0 (red short-dashed line and squares),K=120.0 (blue
dashed-dotted line and rhombs), and K=160.0 (gray dotted line and
hexagons).


